For a (molecular) graph G with vertex set
where dG(vi) is the degree of vertex vi in G. Recently Xu et al. introduced two graphical invariants
(dG(vi)+dG(vj)) and
dG(vi) dG(vj) named as first multiplicative Zagreb coindex and second multiplicative Zagreb coindex, respectively. The Narumi-Katayama index of a graph G, denoted by N K(G), is equal to the product of the degrees of the vertices of G, that is, N K(G) = n i=1 dG(vi) . The irregularity index t(G) of G is defined as the number of distinct terms in the degree sequence of G. In this paper, we give some lower and upper bounds on the first Zagreb index M1(G) of graphs and trees in terms of number of vertices, irregularity index, maximum degree, and characterize the extremal graphs. Moreover, we obtain some lower and upper bounds on the (first and second) multiplicative Zagreb coindices of graphs and characterize the extremal graphs. Finally, we present some relations between first Zagreb index and NarumiKatayama index, and (first and second) multiplicative Zagreb index and coindices of graphs.
Introduction
We only consider finite, undirected and simple graphs throughout this paper. Let G be a graph with vertex set V (G) (|V (G)| = n) and edge set E(G) (|E(G)| = m). For a graph G, we let d G (v i ) be the degree of a vertex v i in G.
The maximum vertex degree in G is denoted by ∆ and the minimum vertex degree by δ . For each v i ∈ V (G) , the set of neighbors of the vertex v i is denoted by N G (v i ) . The irregularity index t(G) of G is defined as the number of distinct terms in the degree sequence of G [1] . Denote by p, the number of pendent vertices in G. For terminology and notation not defined here, the reader is referred to Bondy and Murty [2] . Among the oldest and most studied topological indices, there are two classical vertex-degree based topological indices-the first Zagreb index and second Zagreb index. These two indices first appeared in [14] , and were elaborated in [15] . Later they were used in the structure-property model (see [20] ). The first Zagreb index M 1 (G) and the second Zagreb index M 2 (G) of a graph G are defined, respectively, as
and
During the past decades, numerous results concerning Zagreb indices have been put forward, see [3, 5, 7, 9, 13] and the references cited therein.
The Narumi-Katayama index of a graph G, denoted by N K(G), is equal to the product of the degrees of the vertices of G, that is,
Recently, the first and second multiplicative Zagreb indices [11, 18, 19] are defined as follows:
The mathematical properties of the first and second multiplicative Zagreb indices have been given in [6, 11] .
Xu et al. recently defined the multiplicative Zagreb coindices as follows [21] :
In the same reference, it has been also given the mathematical properties of the first and second multiplicative Zagreb coindices.
The paper is organized as follows. In Section 2, we give some lower and upper bounds on the Zagreb indices of graphs and trees, and characterize the extremal graphs. In Section 3, we obtain some lower and upper bounds on multiplicative Zagreb coindices of graphs and characterize the extremal graphs. In Section 4, we present some relations between first Zagreb index and Narumi-Katayama index, and (first and second) multiplicative Zagreb index and coindices of graphs.
Bounds on the first Zagreb index of trees and graphs
In this section we give some lower and upper bounds on the first Zagreb index of trees and graphs in terms of n, t and ∆. For this we need the following result: Lemma 1. Let T be a tree of order n with irregularity index t. Then the number of pendent vertices in T is
where
is the degree of the vertex v i in T . Moreover, the equality holds in (1) if and only if n = p + t − 1 .
Proof. For any graph G, it is well known that
, where m is the number of edges in G . Since T is a tree, we have m = n − 1. Without loss of generality, we can assume that
Using these results, we get
where i = 1, 2, . . . , n − p. Moreover, the equality holds in (2) if and only if n = p + t − 1. Hence the equality holds in (1) if and only if n = p + t − 1.
Let Γ 1 be the class of trees T = (V, E) such that T is a tree of order n, irregularity index t, maximum degree ∆ and Example 2. For a tree T 1 as in Figure 1 , it is clear that n = 8, ∆ = t = 4 and the number of pendent vertices are 5 (= n − t + 1). Moreover, the degree sequence of tree T 1 is (4, 3, 2, 1, 1, 1, 1, 1). Hence T 1 ∈ Γ. Now we are ready to give an upper bound on the first Zagreb index of trees in terms of n, t and ∆.
Theorem 3. Let T be a tree of order n with irregularity index t and maximum degree ∆. Then
with equality if and only if G ∈ Γ 1 .
Proof. Since the irregularity index of T is t, let us consider a set
Moreover, we have
Let p be the number of pendent vertices in T . Now,
By Lemma 1, the next step of last inequality is
which gives the required result in (3). First part of the proof is completed.
Now suppose that the equality holds in (3) . Then all the inequalities in the above must be equalities. From the equality in (7), we get
From the equality in (4), we get
From the equality in (5), we get
From the above results, we finally obtain ∆ = t and n = p + t − 1. Thus we have 2n − 4 = t(t − 1), ∆ = t and d G (v i ) = 1 for i = t, t + 1, . . . , n.
Conversely, let T ∈ Γ 1 . Then we have ∆ = t, p = n − t + 1 and n = 1 2 t(t − 1) + 2. We have
This completes the theorem.
Let Γ 2 be the class of graphs H 1 = (V, E) such that H 1 is a graph of order n, irregularity index t, maximum degree ∆ and
Let Γ 3 be the class of graphs H 2 = (V, E) such that H 2 is a graph of order n, irregularity index t, maximum degree ∆ and Example 4. Two graphs G 1 and G 2 are depicted in Figure 2 . For G 1 , n = 6, ∆ = t = 4 and the number of pendent vertices are 3 (= n − t + 1). Moreover, the degree sequence of G 1 is (4, 3, 2, 1, 1, 1). Hence G 1 ∈ Γ 2 . For G 2 , n = 5, ∆ = t = 3 and the number of maximum degree vertices are 3 (= n − t + 1). Moreover, the degree sequence of G 2 is (3, 3, 3, 2, 1).
Now we give some lower and upper bounds on the first Zagreb index M 1 (G) of graphs G in terms of n, t and ∆.
Theorem 5. Let G be a graph of order n with irregularity index t and maximum degree ∆. Then
with the lower and upper bounds in (8) become equality if and only if G ∈ Γ 2 and G ∈ Γ 3 , respectively.
Proof. Since the irregularity index of G is t, let us consider a set
First part of the proof is done. Now suppose that there exits an equality for the lower bound in (8). Then we must have
Hence T ∈ Γ 2 . On the other hand, if we suppose the existence of the equality for the upper bound in (8), then we must have
Conversely, by taking G ∈ Γ 2 and G ∈ Γ 3 respectively, one can easily see that the truthness of the both equalities in (8).
Bounds on the Multiplicative Zagreb coindices of graphs
Let Γ 4 be the class of graphs H 4 = (V, E) such that H 4 is a connected graph of maximum degree ∆, number of pendent vertices p (p > 0) and
Example 6. Let G 3 and G 4 be the graphs depicted in Figure 3 . For G 3 , n = 8, ∆ = 4, t = 2 and the number of pendent vertices are p = 4. Moreover, the degree sequence of graph G 3 is (4, 4, 4, 4, 1, 1, 1, 1). Hence G 3 ∈ Γ 4 . For G 4 , n = 6, ∆ = 3, t = 2 and the number of pendent vertices are p = 2. Moreover, the degree sequence of G 4 is (3, 3, 3, 3, 1, 1).
Now we give some lower and upper bounds on the first multiplicative Zagreb coindex in terms of n, m, p, ∆ and non-pendent minimum degree δ.
Theorem 7. Let G be a connected graph of order n with m edges, number of pendent vertices p, maximum degree ∆ and non-pendent minimum degree δ. Also, for simplicity, let A denotes
(ii)
The equality holds in both (9) and (10) if and only if G is isomorphic to a regular graph or G ∈ Γ 4 .
Proof. The number of vertex pairs
From the above, we get
which equals to
where A is defined as in the statement of the theorem. Moreover, the above equality holds if and only if G is isomorphic to regular graph (
where A is defined as in the statement of the theorem. We note that the last inequality becomes equality if and only if G is isomorphic to regular graph (p = 0) or G ∈ Γ 4 (p > 0). Hence the result.
The following inequality was obtained by Furuichi [12] .
Lemma 8.
[12] For a 1 , a 2 , . . . , a n ≥ 0 and p 1 , p 2 , . . . , p n ≥ 0 satisfying
where λ = min{p 1 , p 2 , . . . , p n }. Moreover, equality in (11) holds if and only if a 1 = a 2 = · · · = a n .
Now we obtain an upper bound on 2 (G) of graph G in terms of n, m, p, the first Zagreb index M 1 (G) and the Narumi-Katayama index N K(G) . Theorem 9. Let G be a connected graph of order n, m edges, p pendent vertices and maximum degree ∆. Then
. (12) Additionally, the equality holds in (12) if and only if G ∈ Γ 4 or G is isomorphic to a regular graph.
Proof. Since p is the number of pendent vertices in G, we need to consider the proof in two cases as in the following.
Case (i) :
The situation p > 0: We can assume that
For i = 1, 2, . . . , n − p, setting a i = d G (v i ) and
that is,
.
After that, we actually have
Using the above result with (13) and the definition of Narumi-Katayama index, we get
Case (ii) :
The situation p = 0: Similarly as in Case (i), for i = 1, 2, . . . , n, setting
in (11), we get
Therefore the first part of the proof is completed. Now let us suppose that the equality holds in (12) . Then all the inequalities in the above must be equalities. For Case (i), we have p > 0 and
, by Lemma 8. Hence G is isomorphic to a regular graph.
Conversely, let G be isomorphic to a r-regular graph. Then p = 0, 2m = nr, M 1 (G) = nr 2 and N K(G) = r n . We have
4 Some relations between first Zagreb index and NarumiKatayama index, and multiplicative Zagreb index and coindices of graphs
One of the present authors compared between various topological indices in his previous research works [8, 10, 16] . In this section we obtain some relations among topological indices of graphs. The first example comes to our mind is for star K 1, n−1 (n ≥ 3),
and the second example is for a cycle C n (n ≥ 6),
Now we can compare between the second multiplicative Zagreb index and the second multiplicative Zagreb coindex of graphs G .
Theorem 10. Let G be a graph without isolated vertices of order n with maximum degree ∆ and minimum degree δ.
Proof. We clearly have
Similarly, one can easily prove that
However we can present the following result:
, without loss of generality, we can assume that
Using the above result, we get
From the last two results, we get the required result.
Now we obtain the relation between the first multiplicative Zagreb coindex and the second multiplicative Zagreb coindex. Before, for simplicity, let us use the notation A for
as in Theorem 7.
Theorem 12. Let G be a connected graph of order n with m edges, number of pendent vertices p, maximum degree ∆ and non-pendent minimum degree δ. Then
with equality if and only if G is isomorphic to a regular graph or G ∈ Γ 4 , and
with equality if and only if G is isomorphic to a regular graph or G ∈ Γ 4 .
Proof.
with equality holding if and only if
In the proof of Theorem 7, we mentioned that
Using the above result with (18), we get
Moreover, the above two equalities hold if and only if
with equality if and only if
with equality if and only if d G (v i ) = ∆ for all v i . By the definition, since we have
Moreover, the above equality holds if and only if G is isomorphic to regular
Similarly,
Moreover, the above equality holds if and only if G is isomorphic to regular graph (p = 0) or G ∈ Γ 4 (p > 0). This completes the proof.
Similarly, we obtain another relation between the first multiplicative Zagreb coindex and second multiplicative Zagreb coindex. To do that, again let us use the notation A for the algebraic statement
Theorem 13. Let G be a connected graph of order n with m edges, number of pendent vertices p, maximum degree ∆ and non-pendent minimum degree δ. Then
Proof. We have
Using the same technique as in Theorem 12, we get the required result in (19) and (20) . Moreover, the equality holds in (19) and (20) if and only if G is isomorphic to regular graph (p = 0) or G ∈ Γ 4 (p > 0). This completes the proof.
Lemma 14.
[17] Let x 1 , x 2 , . . . , x N be non negative numbers, and let
be their arithmetic and geometric means, respectively. Then
Moreover, equality holds if and only if x 1 = x 2 = · · · = x n .
Let Γ 5 be the class of graphs H 5 = (V, E) such that H 5 is a graph of order n with maximum degree ∆, minimum degree δ and Example 15. Let G 5 and G 6 be the graphs depicted in Figure 4 . For G 5 , n = 9, ∆ = 7, δ = 1 and t = 3. Moreover, the degree sequence of graph G 5 is (7, 2, 2, 2, 2, 2, 2, 2, 1). Hence G 5 ∈ Γ 5 . For G 6 , n = 6, ∆ = 3, δ = 1 and t = 2. Moreover, the degree sequence of G 4 is (3, 3, 3, 3, 3, 1) . Hence G 6 ∈ Γ 5 . Now we obtain a relation between the first Zagreb index and NarumiKatayama index of graph G.
Theorem 16. Let G be a graph of order n with m edges, maximum degree ∆ and minimum degree δ. Then (n − 2)(N K(G)) 2/(n−2) ≥ (∆δ) 2/(n−2) (n − 3)(∆ 2 + δ 2 )
+ (2m − ∆ − δ) 2 − (n − 3)M 1 (G) (21) and (∆δ) 2/(n−2) (2m − ∆ − δ)
Moreover, both the above equalities hold if and only if G is isomorphic to a regular graph or G ∈ Γ 5 .
Proof. Setting in Lemma 14, N = n − 2 and x i = d G (v i ) 2 , i = 2, 3, . . . , n − 1, we get 
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